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FOREWORD 


This  rsport  was  prepared  by  Institute  of  Turbomachines,  Technische 
Hoohsehulei  Aachen^  GermaiVi  under  USAF  Contract  No.  AF61(C52)-52C.  This 
project  was  initiated  under  Project  7351  of  Task  73521,  ''Stress  Investi* 
gaticns  on  labeller  Wheels".  The  research  was  administered  under  the  di* 
recticn  of  the  Directorate  of  Materials  and  Processes,  Aeronautical  Systems 
Division,  Wright-Patterson  Air  Force  Base,  Ohio,  with  Dr.  J.  A.  Herzog  as 
project  engineer. 

The  experimental  work  was  performed  during  the  working  period  from 
April  1961  to  December  1961. 

For  the  establishment  of  the  tasks  for  the  investigations  as  presented 
in  this  report,  we  are  indebted  to  Dr.  J.  A.  Herzog  in  his  capacity  as 
Project  Engineer.  Moreover,  we  wish  to  thank  Captain  D«  E.  Beitsch,  of  the 
European  Office  at  Brussels,  for  his  generous  support  and  cooperation. 


AK^TRACT 


The  experimontal  Investigations  with  regard  to  the  strength  of  im¬ 
peller  wheels  are  intended  to  provide  a  logical  supplement  to  calculations 
and  tc  compare  theoretical  results  with  stress  concentrations  presently 
covered  by  the  theory.  Whjlle  the  preparatory  work  proceeded,  which  covered 
the  converslciu  of  the  test  stand  for  the  investigation  of  stresses  in  im¬ 
peller  wheels  as  well  as  cementing  tests  for  the  manufacture  of  models  aid 
preliminary  tests  with  regard  tc  the  application  of  different  measuring 
methods,  the  data  and  program  of  calculation  fcr  the  electronic  computer 
were  prepared.  The  period  allowed  under  the  present  contract,  which  is 
covered  by  this  report,  was  too  short  to  enable  a  sul’ficient  number  of  re¬ 
producible  experimental  1  nvi^stigati cns  to  be  conducted  which  would  permit 
a  detailed  comparison  to  be  made  with  the  calculations. 

The  first  part  of  this  report  is  a  detailed  description  of  the  avail¬ 
able  calculation  data  for  rotating  shells,  iifforts  were  made  in  particular 
to  find  a  method  of  calculation  which  would  do  the  fullest  possible  justice 
tc  the  complicated  geometric  design  of  impeller  wheels. 

The  second  part  of  the  report  covers  the  elucidation  and  display  of 
theoretical  calculation  results.  In  particular,  such  different  influences 
as  the  number  of  blades,  plane  temperature  fields,  varying  shell  slopes 
etc.  were  examined. 

The  third  part  of  the  report  is  devoted  to  the  description  of  the  ex¬ 
perimental  analysis  of  stresses  in  impeller  wheels.  It  covers  a  represen¬ 
tation  of  the  preliminary  design  of  the  model,  the  materials  of  which  the 
models  were  made,  the  testing  equipment  and  the  initial  test  results.  At 
the  end  of  the  report,  reference  is  made  to  Investigations  that  will  be 
conducted  henceforth,  as  well  as  to  necessary  alterations, of  the  test 
stand  designed  to  obtain  higher  speeds. 
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INTRODUCTION 


Th«  present  Final  Report  entitled  "Investigation  of  the  General  Stress 
Distribution  in  lapeller  Wheels"  cannot  /et  be  regarded  as  a  comprehensive 
study  of  the  subject  as  the  tioM  spent  on  such  investigations  has  been  too 
short*  The  object  of  the  work  done  so  far  has  therefore  been  to  coBy)lete 
the  necessary  preparatory  work  under  the  aspects  of  theory  and  experimental 
technique* 

The  test  stands  vdiich  was  formerly  used  for  discs  of  uniform  thickness 
was  converted  to  suit  the  examination  of  impeller  wheels*  The  model  mate¬ 
rials  that  offered  themselves  considering  relatively  easy  workability  and 
the  advantage  of  Joining  components  by  a  cement  were  the  same  plastic  mate¬ 
rials  that  had  so  far  been  used  for  photoelastic  purposes;  it  was  from 
these  materials  that  the  first  plastic  models  were  made* 

Three  test  methods  were  used  for  the  experimental  stress  analysis  :- 
!•  Photo-elasticity  in  examining  blades  which|  being  at  first  of  equal 
thickness,  show  a  largely  plane  state  of  stresses* 

2*  Measurement  by  means  of  strain  gages* 

3*  The  method  of  brittle-coating  which  will  be  applied  supplementary  to 
the  measurements  with  strain  gages* 

The  design  of  the  wheel  body  was  first  determined  by  the  contours  of  the 
wheel  surface  carrying  the  gas  flow  where  the  contours  were  to  be  Identical 
with  the  gas  flow  line  of  a  plane  stagnationF-point  function*  It  has  mean¬ 
while  been  found,  however,  that  other  aspects  existed  in  determining  the 
design  of  wheels  used  for  stress  analyses,  particularly  with  regard  to  the 
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theoretical  calculation  of  etreeaea.  In  particular,  the  aubsequently 
selected  design  determining  function  permitted  the  slope  of  the  shell 
to  be  varied  through  variation  of  only  one  of  the  parameters  required 
for  the  calculation  of  strengths. 

Experimental  investigations  of  stresses  in  arbitrarily  shaped  impeller 
wheels  will  only  reveal  general  information  if  experimentally  established 
values  are  compared  to  calculated  values  which  are  obtained  through 
reasonable  processes  of  calculation  and  diminishing  of  the  existing 
problem  as  far  as  possible.  However,  if  practical  stress  concentration 
factors  at  corresponding  points  on  wheels  of  various  related  shapes  are 
to  be  established  it  will  be  found  that  most  of  the  former  calculation 
methods  hardly  permit  a  comparison  with  experimental  results.  The  de¬ 
termination  of  stress  distribution  in  \dieel  bodies  may  be  based  on  the 
shell  theory  but  such  calculation  does  not  ixiclude  the  stress  concen¬ 
tration  factors  subject  to  the  variation  in  shape  of  the  wheel  and  blade. 
It  would  be  going  too  far  to  specify  all  conceivable  methods  of  calcu¬ 
lation  which  always  depart  from  the  symmetric  disk  disregarding  ai^  slope 
of  the  medial  area  of  the  wheel  from  the  vertical  to  the  rotational  axis. 
The  simplest  method  of  calculation  may  be  to  relate  the  sectional  area, 
symmetrically  to  a  medial  area,  vertically  to  the  rotational  axis,  taking 
into  account  the  blades  either  by  the  specific  gravity  /?/  of  the  disk  as 
It  is  or  as  the  increased  thickness  /3C/  of  the  disk  profile.  Such 
methods  of  calculation  permit  the  utilization  of  an  arbitrary  profile 
which  may  be  calculated  by  the  known  methods  of  Qrammel,  Donath-Karas , 
Keller-Salzmann,  Kissel,  or  by  the  method  of  differences. 
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« 

An  interesting  method  6f  calculation  has  been  suggested  by  J,  Mul¬ 
ler  /29/,  which  however  takes  into  account  only  the  nonsymmetrical  design 
of  the  wheel  with  regard  to  the  radial  blading.  The  blades  are  assumed 
as  removed  from  the  disk  and  the  displacement  of  the  disk-disregarding  any 
pronounced  slope  -  and  that  of  the  blade  star  are  considered  to  be  sepa¬ 
rated  by  the  centrifugal  forces.  Statically  indeterminate  forces  are  ap¬ 
plied  to  the  virtual  sectional  areas  so  as  to  produce  an  equal  displace¬ 
ment  of  the  disk  and  blades  in  these  areas.  Here  again,  calculation 
will  be  conditional  on  the  simplification  of  an  axially  symmetrical 
loading  and  dilation  of  the  complete  wheel.  However,  to  render  an  ana¬ 
lytical  solution  of  the  system  of  general  differential  equations  possible 
from  an  equilibrium  of  forces  and  also  from  a  state  of  deformation,  the 

method  of  K.  J.  Muller  requires  the  actual  profile  contour  to  be  approx- 

—8 

imated  by  a  hyperbolical  profile  design  of  the  term  h  =  C(r/r^)*  with 
being  the  external  radlua.  Figure  1  shows  for  the  example  of  a  shell 
the  relative  stress  terms  which  were  calculated  by  the  method  of  K.  J. 

n 

Muller.  The  statically  indeterminate  forces  result  in  shear  stresses 
at  the  virtual  sectional  areas  between  disk  and  blades.  Even  the  latter 
method  requires  a  considerable  calculator/  effort  if  the  statically  in¬ 
determinate  forces  are  to  be  determined  with  accuracy  and  oxily  if  table 
computers  are  available. 
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I.  Mttbod  for  tb*  Caloulatloa  of  Strdaw  In  Routing  Sh«ll«  and 

1.  tlw  DifffPtlal^ottatlon  la  tba  Theory  of  8h«U« 

A)  CoBditlopp  »«!  Rwwrla  op  the  Strws  to  be  C«leulat«d 

If  tb«  problpB  of  rotating  shalls  la  to  ba  polrad  aore  eonpra- 
banplToljr,  tha  graatar  ealeulatorj  affort  iovolvad  raquiras  tba 
uaa  of  alaotronio  eo^putara.  In  a  raeantl/  publiahed  book  bgr 
K,  Lofflar  oallad  "Tba  Calculation  of  Rotatii^  Diaka  and  Sballa", 
Springar-Varlagt  BarliVGottingai^laidalbart  1961,  a  aatbod 
oaleulation  ia  daaoribad  whieb  paraita  tha  antira  atata  of 
atraaaaa  in  rotating  ahalla  to  ba  eorerad  to  a  wida  aztant, 
wbieb  waa  daaandad  abova,  Etjr  thia  aathod,  radial  bladaa,  oanti- 
larar  ringa  aa  vail  aa  aeeantrieal  holaa  can  ba  takan  into 
aeeount  right  fron  tba  beginning.  Ona  of  tba  conditiona  Uiia 
aathod  raquiraa  ia  that  tba  aball  of  revolution  ba  rasiatant 
to  banding.  Ita  atata  of  atraaaaa  ia  daaoribad  bgr  five  atraaa 
taraa,  via.  tha  longitudinal  atraaa  ,  idioaa  direction  aunt 
ba  fixed  in  relation  to  that  of  a  aaridional  aaction  of  ^e 
■adial  area  of  tha  aball,  tha  tangential  atraaa  tha 
longitudinal  bonding  atraaa  tha  tangential  banding  atraaa 
(Tf  and  a  ahaar  atraaa  T',  wbioh  ia  to  act  In  tba  direction 
of  tha  nomal  to  tha  nedial  area  of  tba  aball  and  ia  aaanaod  to 
ba  tba  naan  aboar  atraaa  of  equal  value  in  tha  idiola  oroaa 
aaction.  In  aatabliahing  tba  differential  aqnationa  for  tba 
rotating  aball,  tha  ainplifiad  but  largely  reliable  arranganant 
ia  Bada  that  and  (X^  are  taken  to  ba  invariable  vithin  tha 
thioknaaa  b  of  tba  aball  and  that  the  eorraaponding  auparpoaing 
banding  atraaaaa  are  linear  over  tha  oroaa  saetion. 
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a)  Eatabllahnant  of  the  Differential-Equations  of  the  Snooth  Shell 
fron  the  Equilibrium  of  Forces  and  Moments 

In  Figure  2  the  slope  refers  to  the  inclination  of  the  meridional 
section  of  the  medial  area  of  shell,  the  ordinate  normal  to  ^e 
axis  of  rotation.  With  6  »  0  over  the  entire  extent  1  the  disk 
would  be  symmetric.  In  Figure  ^  a  shell  element  is  cut  out  of 
the  shell  of  revolution,  the  angle  6  being  variable  within  the 
shell  element. 

Formulation  of  the  equilibrium  at  the  mere  shell  element  without 
any  additional  fins. 

Ttie  equilibrium  of  forces  in  the  direction  1  of  the  meridional 
section  of  the  medial  area  of  the  shell  results,  as  is  shown  in 
Figure  3#  in  the  following  differential  equation: 

d((f,hrd^)  -  a^hdldifcosb  *  Xhrdfd6  +  hdtrd^~ra/cos6  »0  (1) 

A  few  forces  which  are  small  in  the  higher  powers  have  not  been 
recorded,  which  applies  also  to  the  following. 

The  equilibrium  in  the  direction  of  the  normal  toward  the  medial 
area  of  the  shell  element  under  consideration  is  formulated  as 
follows: 

d(Thrd(f)  -  cr^hdldf  sin6  -(TfhrdtfdS  *  hdlrdif -rtjfsinh^-  (2) 
^prdipdl  *0 

In  the  last  equation  (2)  the  letter  p  means  the  gas  presstire. 

From  the  forces  and  bending  stresses  entered  in  Figpire  3  and 
from  the  geometry  of  the  shell  element,  the  equilibrium  of  the 
moments  existing  around  the  tangents  on  a  parallel  circle  of 
the  medial  area  of  the  shell  may  now-be  easily  read  off  at  the 
upper  edge  of  the  shell  element: 
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(3) 


cKcf^’^rdip)  ^ Of  ^ dldfp cos6  -fc/Wj-  •  0 


The  moment  bgr  th«  shear  stress  T  at  the  lower  edge  of  shell 
around  the  previously  chosen  direction  is  expressed  by  the  following 
formula  wherein  dx  means  the  chord  length  of  arc  dl  (see  Figure  4): 

dMj.  »  Zhrdip  cos  (h) 

The  term  obtained  for  the  length  of  chord  is 
dx  -  2  8ln^  ^ 

thus  resulting  in  dM^  »  X.hrtltfcH  — »  Zhrd^cH 

The  equilibrium  of  the  moments  can  now  be  definitely  expressed 
as  follows: 


d(of^rdf)  -  af^dldfcosd  +Zhdlrdf  «  0 


(5) 


b)  The  Differential-Equations  Derived  from  the  Stress-Strain  Relations 


From  the  equilibrium  of  the  forces  and  moments  three  equations 
could  be  established;  another  two  equations  will  have  to  be  formu¬ 
lated  from  the  state  of  deformation  in  order  to  arrive  at  the  five 
terms  that  are  wanted* 


With  regard  to  the  displacements«  Hookers  law  may  in  general  be 
applied  to  the  variable  stresses  Cf*  extending  over  the  whole 
cross  section t  i*e.  at  first  to  radial  stresses  and  strains « 
which  may  later  be  replaced  however  by  the  relative  terms  in 
the  direction  of  1 


(T*  -  j4^  [(£r*^^  -(Uv)a^] 

cr* 


(6) 
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oils  the  linear  coefficient  of  thermal  expansion  and  ^  any  over- 
temperature.  If  the  further  terms  are  adopted  from  Figure  3# 
y  represents  the  slope  produced  by  bending,  Q  the  torsion  caused 
by  shear  deformation  (see  Fig.  6),  und  k  the  distance  between  the 
central  section  line  and  the  chosen  ordinate,  u  is  the  displace¬ 
ment  of  an  arbitrary  point  on  the  cylindrical  section  with  the 
coordinates  r  and  y  for  which  u  (r,  y)  is  formulated  as  follows; 


U(r,y)  •u(r)  ■*-(y-k)(yf  +(i) 


The  general  stresses  now  take  the  formula 
-(i-hif)<xi9>] 

The  tractions  euid  are  obtained  from  the  integration  of 
stresses  and  (T^  across  the  cross  section  between  the  boundaries 
yi  2-kt  yo/2. 


The  tensile  stresses  result  from 

If  dk/r  is  regard^  as  negligibly  small,  and  dk/dr  ■  tan  £ 
one  obtains  -  since  an  appreciable  number  of  terms  add  up  to 
zero  -  the  stresses  that  are  constant  in  the  cross  section: 

oj.  +3)tanS 

(Ttf  ^  +-p  -(Ui')ct9’] 

Figure  7  shows  the  relation  between  and  C^.  » 

O’  »_fi —  a  ^ - 

^  2frrh  2nrh  2wry^  ^ 

h  is  the  thickness  of  the  shell  at  the  point  examined  if  it  is 


measured 


normal 


to  the  medial  area  of  the  shell. 


(9) 

m 

(11) 
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An  examination  of  the  bending  momenta  at  the  shell  element  leads 
to  the  slope  f  ,  which  we  should  like  to  have  eliminated  from  the 
equations  so  far  established.  Figure  8  permits  the  establishment 
of  the  following  relations  between  torsion  and  bending  stresses; 
if  h  /2  is  the  distance  from  the  outer  rim  of  the  section  to  the 
central  section  line. 


and  with 


‘  dl  2  dl  ' 


m 

(15) 


and  using  Hooke's  law  as  applied  to  the  displacement  of  the  outer 
rim  of  section  caused  by  bending^  the  result  is: 

If  £  is  substituted  by  the  corresponding  terms «  one  obtains 


Ih—  (n^+ 

20^  r  I  ^ 

We  obtain  from  the  above  equations  y  *  / 

and  from  the  equations  (10)  ^  rOL^ 


(%) 

W) 

06) 

(17) 


If  these  equations  and  their  derivatives  du/dr  and  d'^/dl  are  in¬ 
corporated  in  (10)  and  (13)#  taking  into  account  also 
0  -  r/e  we  now  obtain  the  wanted  equations: 

S  s/n6((rf,^-vo^i-  J  (Uif)sinS  t  -  £a,^=  0  (18a) 
d  f  1  Uvco5&  ^6  cos6  q 

In  his  book  "Calculation  of  Rotating  Discs  and  Shells" «  K.  Loffler 
offers  the  additional  possibility  of  considering  a  linear  dis¬ 
tribution  of  temperatures  in  the  direction  of  the  normal  to  the 
medial  area  of  the  shelly  which  in  this  report  will  be  mentioned 
only  in  passing  and  which  offers  no  calculatory  difficulty  what¬ 
ever. 
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A  consideration  of  radial  blades  or  rings  and  bores,  the  latter  be¬ 
ing  an  exception,  permits  differential  equations  to  be  established 
in  such  a  manner  that  these  will  change  only  with  regard  to  their 
coefficients  as  opposed  to  the  smooth  shell,  so  that  the  new  co¬ 
efficients  represent  the  sums  total  composed  of  the  coefficients 
of  the  smooth  shell  and  of  certain  additional  members.  Ihe  blading 
of  the  shells  will  now  be  considered  first.  In  the  following,  the 
expression  blades  will  frequently  be  replaced  by  the  expression  fins 
■inoe  bgr  load  application  their  function  rather  corresponds  to  that 
of  a  finned  design* 

a)  The  Altered  Design  of  the  Differential-Equations  by  Including 
the  Existence  of  Fins 


In  view  of  the  small  azimuthal  extent,  the  fins  are  assumed  to 

be  free  from  tangential  stresses.  If  the  longitudinal  stress  in 

the  fin  is  expressed  by  (T  ,  the  following  relation  becomes  valid 

n 

due  ^he  equal  strain  of  fin  and  shell: 

US) 

If  to  the  area  of  fin  F  ,  which  may  be  assumed  to  be  evenly 

n 

distributed  over  the  circumference,  an  equivalent  thickness 

h*  “  z  •  P  /Slfr  with  z  being  the  number  of  fins  is  added  to 
R 

the  thickness  of  the  shell,  the  equilibrium  in  the  direction  1 
is  easily  formulated. 

dtCTi  hrdtp )  -  a^hdtdtp  cos6  +  V  hrdpdd + d[(oi  -  vcr^)  rdiph']  -h 
Th'rdfdS  +  ( h-hh')dt  oj^rcosS  =  0 

For  the  sake  of  simplicity,  U  has  in  (20)  also  been  assumed  to 
be  constant  over  the  cross  section  of  fin. 


nie  equilibrium  in  the  direction  of  shear  and  of  the  normal 
also  results  in 


dL Zrdtp(h+h')]- Ofhdi^dlsinb  -  aihrdfdS-  h'rdif  (a^  -  )  dS  +- 

+  (tn-h')dlrdipru)^sinS  +  prdtpdl  »  0 
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The  equilibrium  of  the  moments  around  the  direction  of  the 
tangents  to  a  parallel  circle  must  be  established  from  the 
following  components.  If  w  Is  the  moment  of  resistance  re¬ 
ferred  to  the  circumference  and  relating  to  the  finned  cross 
section^  the  moment  from  the  longitudinal  stresses  Is 

dtli"  cKofrdf  w)  (22) 

The  component  In  the  direction  of  the  tangent,  taking  into 

account  the  sign  of  the  moment  through  tangential  stress  (7^^ 
is  obtained,  as  in  the  case  of  the  smooth  shell,  as 

hf  ~-ofdl^\cosS  (25) 

Figures  9  10  show  the  forces  on  a  finned  shell  element  as 

well  as  a  representation  of  the  further  terms  and  designations 
employed.  The  shear  stress  in  the  shell  furnishes  a  Mment 

h^-Zrdfhdl^  (24) 

aund  In  the  fin 

M,,  -  zrOfhV^  (25) 

dl'  being  the  mean  length  of  fin  which  must  be  A  times  as  large 
as  the  length  dl  of  the  shell. 


The  geometry  of  Figure  10  yields 

dl'=‘  f.dS  :  ?  »  ^ 

’»  »  T, 

s,)clS 

(26; 

The  radial  components  of  the  tangential  stresses  In  the  shell 
have  around  the  centroid  of  the  whole  cross  section  a  moment  of 

^f,"  “  4ficos6  (27) 
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similarly^  a  moment  Is  produced  by  the  longitudinal  stress  c[' 

In  the  shell,  which  is  of  the  following  magnitude  around  the 
centroid 

dfl,^  ^dfa/ekfhs)  (28) 

The  longitudinal  stresses  produce  a  moment  around 

the  center  of  gravity 

dM.  ^ -dUai-varJrdtph's']  (29) 

As  is  shown  in  Figure  11,  s  indicates  the  distance  of  the  centroid 
of  the  whole  cross  section  from  the  central  section  line,  and  s* 
Indicates  the  distance  of  the  centroid  of  the  fin  cross  section 
Pj^  from  the  whole  centroid.  If  and  are  combined  to 

dM,n  -d^oi  lrdip(hs -  h's')]}  -  vdfOTfrcfyh's')  ( 50j 

the  term  (hs  -  h*s’)  =*  0  because  of  the  equality  of  the  statical 
moments . 

ITie  equilibrium  of  moments  may  be  obtained  from  the  following 
addition 

dn^  (31) 

For  trapezoidal  fins,  the  following  terms  are  abtained  to  determine 
the  moment  of  resistance  of  the  whole  cross  section,  using  the 
signs  of  Figure  1 1 : 

^  ha  a  ’t2b 

^‘•r  T7F 

S«  being  the  centroid  distance  of  the  trapezoidal  cross  section 
n 

from  the  larger  basis  b. 

The  distance  of  the  whole  cross  section  s  from  the  central  section 
line  of  the  shell  is 

C  _  (Ofb)f7a(St+  p-) 

(a*b)h^* 
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The  moment  of  resistance  w  Is  obtained  by  converting  this  term 


In  such  a  manner  that  the  moment  of  resistance  of  the  smooth 
2 

shell  w  «  h  /6  referred  to  the  circumference  Is  given  only 

8 

another  term 


^,h\sj2(6^ 

6  ^(h+2s) 


ha  o^i-^ab*b^  .  a+b  l. 

36  '  (52j 


The  two  differential  equations  yet  to  be  found  from  the  state  of 
dilatation  will  be  affected  by  the  fins  only  Insofar  as  in  the 
term  (15)»  and  consequently  also  in  the  equations  (l8),  h  will 
be  replaced  by  the  length  (h  28),  as  the  distance  between  the 
outer  rim  of  the  section  and  the  central  section  line  Is  no 
longer  h/2  but  (h/2  +  s) . 


b)  The  Influence  of  Rings  on  the  Differential -Equations 


In  view  of  the  widely  varying  designs  of  radial  compressor  wheels 
or  radial  turbine  wheels,  cantilever'' rings  must  frequent]/  be 
taken  into  account  which  may  be  used  as  a  form  of  packing,  or  the 
wheel  body  may  be  provided  at  the  center  bore  with  a  hublike 
thickening  which  may  be  regarded  as  a  ring  zone  being  free  from 
radial  stresses.  If  such  rings  are  considered  as  being  free  from  radial 
stresses,  this  should  apply  only  to  narrow  and  thin  designs  of 
rings.  Subject  to  the  design  of  ring,  however,  an  * effective 
length*  of  a  virtual  equivalent  ring  can  be  determined  which 
has  a  constant  tangential  stress  In  an  axial  direction.  In  his 
book  '^Calculation  of  Rotating  Disks  and  Shells",  K.  Loffler  in¬ 
cluded  diagrams  which  have  been  evaluated  by  W.  Burkhardt  for 
rotating  disks  and  which  enable  the  above  mentioned  corrections 
to  be  made  through  the  selection  of  an  'effective  length*. 

However,  It  would  be  beyond  the  scope  of  the  present  report  to 
deal  In  greater  detail  with  the  problem  or  thift  eantileeer 
rings  of  marked  projection,  although  the  possible  existence  of 

cantilever  rings  shoold  be  dal/  taken  iwtc  sdbMnt* 
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For  the  sake  of  simplicity,  the  ring  will  In  the  following  be  ooo- 

•l(l«r«d  u  balog  oo^)l«t«l7  tr cm  radial  atraaaas.  Due  to 

the  tangential  displacements  being  equal* 

Ojjj  ■  <T^-UOl  (^5) 

As  was  already  assumed  in  the  case  of  the  fins,  the  shearing 
stress  will  here  again  be  Considered  to  act  as  a  mean  and  constant 
value  even  beyond  the  ring  zone.  Using  the  terms  and  forces 
plotted  In  Figure  12,  the  equilibrium  of  forces  obtained  at 
the  shell  element  in  the  direction  1  leads  to  the  following 
differential  equation  where  forces  being  small  in  the  higher 
powers  have  been  disregarded: 

cKffi hrdif)  -  cr,f  hdldip cos<5  +  zhrdtpdS  -  Ccr^  -  ifOl)  Ldl dtp  oosd  + 

■h  r  Lrdtpdd  +  ^rdp  (h+  Ddlrcu^cosS  »  0  04) 

The  equilibrium  of  forces  in  the  direction  of  the  shearing 
stresses  will  thus  simply  result  in 

dlrdip(h+L)l]  -  [crifhd(cltp+  (cr^  -vo^)  Ldl  dtp]  sinS  -  aihrdfdS  + 

+  jrdtpCh+L)dlru}‘sinS  *0  (55) 

The  equilibrium  of  moments  is  again  established  around  the 
direction  of  the  tangents  of  the  parallel  circle  through  the 
central  section  line  at  (1+  dl).  The  bending  stress 
produces  in  the  shell  the  moment  d  (of  rdf  (56j 

The  same  displacement  is  caused  by  the  bending  stresses  on 
the  virtual  sectional  areas  between  shell  element  auid  ring, 
under  the  terra  of 


0^*-  uaf 


(T^  indicating  the  bending  stress  on  the  virtual  sectional 
area  acting  on  the  ring  in  a  tangential  direction.  As  is 
shown  in  Figure  12,  there  is  a  relation 

^  (51 

y  4 

^  b  b 

between  the  bending  stress  and  the  bending  stress 

at  an  arbitrary  point  of  the  ring  and  at  a  dlstemce  y  from  the 

center  of  shell. 
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The  moment  of  bending  stress  £7^  around  the  sectional  line  of  the 
medial  area  of  the  shell  with  the  lateral  areas  of  the  shell 
element  bounded  by  df  is 

m  o^dy-dl  y  (39) 


Adopting  the  equations  (37)  and  (38)1  equation  (39)  leads  to 

dMp  -2  (O’/- dydl 

The  linear  connection 


(^) 


exists  between  the  tangential  bending  stress  on  the  outer  rim 
of  the  shell  CT^  and  the  tangential  bending  stress  occurring 
at  an  arbitrary  point  with  the  dlsteuice  y  from  the  central 
section  line. 


The  stress  0^  thus  produces  at  point  y  the  moment 

dM^  =  0^ dycH y  ■  2  ^  or/  dydl 

using  term  (41).  The  total  moment  from  the  tangential  bending 
stresses  Is  obtained  by  Integrating  dM_  and^dM- 

m;  . IdM^ffdMs  -2^  j(<T/W)fdY*^^lo{y^'y 

b  k  t  '7 

Since  CT^  and  0/  act  on  the  boundary  areas  of  the  shell,  thus 

being  constant  values,  the  solution  of  (43)  leads  to 


By  introducing  ^  ^  Ij 

the  expression  Is  abbreviated  to 


(«) 

«3) 

«4) 

(45) 


Figure  13  Illustrates  the  direction  of  the  active  moments  and 
their  resultant  df  .  This  Moment  Is  produced  by  forces 
having  their  resultant  In  a  radial  direction.  However,  since 
the  moment  around  the  tangent  of  a  parallel  circle  Is  wanted,  it 
Is  only  the  component  In  the  direction  of  1  that  can  be  active; 


ASD  m  62-1(03 


14 


it  l8  therefore 


Another  moment  Is  caused  by  the  radial  component  of  the  tensile 
stress  coexisting  in  the  ring.  The  force  L  •  dl  •  d^ 

resulting  from  this  stress  is  active  at  a  distance  1/2  (L  +  h) 
from  the  medial  area  of  the  blade.  This  moment  acts  positively 
dr  negatively,  subject  to  the  side  of  shell  to  which  the  ring 
is  attached.  On  the  convex  side,  i.  e,  the  side  ava/  from 
the  axis  of  rotation,  the  moment  should  be  taken  as  positive. 
With  the  moment  produced  by  the  centrifugal  force  of  the  ring 
element , 

=  (a-^  Ldl ^d(f>-^u)‘r^clif>Ldl  -^)  cos 6  (47j 

The  cosine  of  angle  6  reappears  here  because  only  the  components 
pointing  in  the  direction  f  of  the  forces  '  dl  •  d^  and 

f/g  d(p  *  L  •  dl  acting  in  a  radial  direction  produce  a 

moment  in  the  prescribed  direction.  Equation  (47)  may  be  ex¬ 
pressed  more  simply  If  the  relation  of  displacement 

^  used: 

(Of -vai-^<jj’‘r^)^=^Ldl-dipco55  (ItS) 

If  the  simplifying  assumption  of  a  constant  shearing  stress  r 

existing  over  the  shell  and  ring  elements,  the  following  moment 
through  the  shearing  stress  is  obtained,  analogously  to  the 
smooth  shell: 

Mj.  ~Z(h*L)dlrdif>  (4-9) 

Taking  into  account  the  signs,  the  equilibrium  of  moments  can  be 
established  with  the  elements  dM^ ;  ;  t  and  , 

.0  m 

or  more  minutely 

d(o;*rc^^)  l)crf  -v(,cr^]dldipcos6  t  (cTf^-ifa;  -^uj‘r‘)X 

XLdl-^d(fcosS*-  V(h+L)dlrdf  -  0  (5)) 
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The  three  established  equations  designed  to  determine  ^ 

f  ^  supplemented  by  the  differential  equations 

established  from  the  stress-strain  relations  for  plain  shells, 
the  condition  being  that  analogous  to  the  finned  shells  the 
value  h  roust  be  replaced  by  (h4l)  in  the  differential  equations 
(18). 


c)  The  Influence  of  Additional  Loads  on  the  Differential -Equations 

In  establishing  differential  equations  from  the  equilibria  of 
forces  or  moments,  outer  additional  loads  may  be  taken  into 
account  without  difficulty.  These  enlarge  the  differential 
equations  by  terms  which  will  be  dealt  with  in  detail. 

It  should  be  observed  that  these  additional  loads  are  active  at 
certain  points  of  the  shell,  thus  representing  magnitudes  which 
are  taken  from  the  geometry  of  the  shell  and  which  should  no 
longer  be  introduced  as  variable  but  as  constant  values.  If  there 
is  a  radially  acting  additional  load,  which  will  be  called  P^, 
the  additionally  occurring  stress  at  the  outer  edge  of  a  shell 
element  with  the  radius  r^  and  a  shell  thickness  h^  will  be 

0'-T^aJ56,  (52) 

^  Zirnh/  ' 

The  equilibrium  of  forces  in  the  direction  of  a  meridional 
section  will  thus  be  given  another  term,  so  that  (1)  now  becomes 

y 

d((nhrd^)-afhdldfcoi6+Thrdfd6tMlrdp^ru)‘cos8-*-a’grid^h-  -  0  (55) 

Hie  normal  component  of  P  ,  viz.  P  •  8ln<^.,  occurs  as  an 

Z  Z  1 

eidditional  force  in  the  equation  of  equilibrium  (2)  if 
Z  = 

'  2rr;hi 

expresses  the  additional  normal  stress,  and  (2)  is  changed  to 

become  y 

df^rdfh)  -OfhdldfsinS-aihrdfdd-t-hdl  rdf  -^rui^sKiS-t 

^-prdfdl+Trfydf  «  0 


ASD-TDB  62^013 


16 


If  the  additional  load  P  comes  to  act  at  the  distance  X  from 

z 

the  centroid  of  the  section  concerned^  this  will  produce  an 
additional  moment  of  the  magnitude 

-  o;  h,  k 

This  moment  supplements  the  equation  of  equilibrium  (3)  In  the 
form  of 

d(al*^rclip)-(7f^dldfcosS-*-Zhdlrd(p^^  (T^qdiphik  mO  {^?) 

In  view  of  the  above,  we  can  now  write  the 

differential  equations  in  a  general  form  so  that  they  could  be 
formulated  for  fins  occurring  in  conjunction  with  rings  and  even 
additional  loads.  This,  however,  will  be  done  later  when  the 
differential  equations  are  compiled  and  the  conversion  of 
differential  equations  into  equations  of  differences  is  il¬ 
lustrated  by  means  of  an  example. 

d)  The  Influence  of  iSccentricalCircular  Holes  upon  the  Differential- 
Equations 

When  in  the  first  approximation  the  zone  of  bore  can  be  taken  as 
free  from  tangential  stresses,  the  stresses  occurring  at  the 
beginning  of  the  zone  of  bore  can  be  immediately  expressed  by 
the  stresses  occurring  at  the  end  of  the  bore.  This  means  that 
the  relation  between  the  stresses  occurring  immediately  before 
and  immediately  behind  the  bore  is  not  expressed  in  a  differential 
equation  but  in  a  linear  dependence.  Stresses  and  geometric  magni¬ 
tudes  at  the  beginning  of  the  zone  of  bore  will  be  marked  with  the 
index  i-t  and  immediately  behind  the  zone  of  bore  with  the  index  i. 
At  first,  the  relation  between  the  longitudinal  stresses  and 
(X  will  be  dealt  with. 

is  determined  from  the  equilibrium  of  forces  on  the  spoke, 

i.  e.  the  shell  element  between  the  bores.  expresses  the 

sp 

centrifugal  force  of  the  spokes,  centrifugal  force 
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of  the  bolts  or  pins  which  may  be  Inserted  in  the  bores.  The 
equilibrium  of  forces  is  now  (see  Figure  14) 


-  P.  i  -  (P  +  P  V.  )c<>sS  (l 

i  1-1  '  sp  SJhr' 

If  the  forces  are  expressed  by  the  stresses,  this  results  in 

<Tt.2irr,h,  cosh) 2Trr,,^h,.^  0 


If  we  substitute 


we  obtain 


P  +  P 
J»£-..Sc.hr 


(61 

To  enable  a  calculation  to  be  made  merely  from  the  geometry  of 
the  shell  and  from  the  indication  of  the  bolt  weight 
a  suitable  description  will  now  be  found  for  OL  .  This  re- 
quires  however  that  a  few  relations  are  established  from  the 
geometric  conditions  of  the  zone  of  bore. 


The  variable  spoke  section  will  be  replaced  by  an  equivalent 
rectangular  section.  The  thickness  of  spoke  is  then 


The  mean  section  of  spoke  P  can  be  determined  only  through 

sp 

determination  of  the  voliame  of  the  spokes  between  the  bores. 
According  to  Figure  14,  the  volume  of  the  zone  of  bore  (in¬ 
cluding  the  bores)  is 

*  cosS 

l^e  vol\ime  of  n  bores  is 
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The  volume  of  the  spokes  between  the  bores  is 
V-V,-Vl 

the  mean  section  of  spoke  Is 

p  . 

sp  n  -'i-r 


Since 


,  and  using  the  abbreviation 


t  ^[r;  ,  Fsp^thsp  V  162) 

The  spoke  force  P  amd  the  centrifugal  force  of  the  bolts 

P  ^  are  expressed  as  follows 
schr  ^ 

p  -thspTT 

sp  ^  COSO  3  2 

If  P  and  P-  .  are  Introduced  in  (6o),  the  result  Is 
sp  Schr  ' 

(Vi  *-r,.^)(thtpAl  +^^)cosS 

‘ 

We  now  want  to  formulate,  by  anticipation,  a  suitable  coefficient 
for  the  establishment  of  a  matrix  yet  to  be  dealt  with. 


'/.t -  4  r:*  h,.., 

The  tangential  stresses  may  be  brought  into  relation  with  the 
displacements.  If  a  mean  stress  in  the  spoke  is  taken  to  be 


this  will  produce  In  the  spoke  a  displacement  of 

“  '  f  “  'Y 

The  displacement  at  point  i  results  in 
U,  -  U/.,  *  u„ 
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At  points  1  and  1-1,  the  displacements  are 

u,  = 


(68) 


If  (66)  and  (68)  are  Introduced  In  (67),  eliminating  through 

•i 

the  use  of  (61),  the  tangential  stress  will  be  obtained,  which 
Is  dependent  only  on  the  stresses  07  ^  and  01#.  «  ,  1.  e.  on 

ri-l 

values  existing  Immediately  before  the  zone  of  bore.  The  appro¬ 


priately  summarized  result  Is 

r...  r^., .  A 


% 

n-A-i 


(69) 


For  the  present  purpose,  the  modulus  of  elasticity  and  also  the 
linear  coefficient  of  thermal  expansion  have  been  taken  as  con¬ 
stant  over  the  length  of  spoke  (1^  -  1^^.^)  *  A  1. 


The  relation  between  the  moments  Is  obtained  If  the  equilibrium  of 
moments  around  a  tangent  to  a  parallel  circle  is  established  at 
point  1.  Moments  are  produced  by  ^  and  by  the  shear 

stress  •  The  equilibrium  of  moments  Is  formulated  with 


b  Zirt/hi 
6 


0 


< 


S-l 


'l-t  -  6r  Urt^L-t 
r.h* 

If  9  i 


{70) 


The  relation  between  the  tangential  bending  stresses  limsedlately 
before  and  behind  the  zone  of  the  bore  is  found  Iqr  eoaparing  the 
slopes  at  the  beginning  and  end  of  the  spoke  (see  Figure  13)* 


(71) 


Ay/  Is  the  change  of  slope  within  the  spoke.  In  order  to  arrive 
at  the  change  of  siope  In  the  spoke,  a  isean  moment  of  the  magnitude 
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”sp- 


»p 


(72) 


according  to  Figure  (15).  la  ooMldarad  oonatant  above  the  length 
of  spoke  A 


The  equation  of  the  deflection  curve,  where  h  in  this  case  li 

dioates  the  deflection,  reads 

,2  M  (1) 

d  h  +  sp 

d  1**  *  J  E 


or 


dl 


173) 


Since  M  is  independent  of^l  the  solution  of  (73)  leads  to 
sp 


^»+_Lm  (+cI^ 
dl  -EJ 


with  1^0,  ^  =  0,  and  also  c^  *  0.  As  only  small  slopes  occur, 
dl  1 

we  may  write 

Ay  ^  tan  Ay 


The  change  of  slope  in  the  case  of  the  spoke  is 

Af - - 

The  length  of  the  axis  of  inertia  is  f/T  ,  and,  consequently, 
the  moment  of  inertia  J  »  tTT  ^  ,  which  leads  to 


(7i) 


m) 


The  deflection  of  the  disc  at  the  points  i~1  or  1  is  obtained 
from  (see  also  equation  16)) 

V-l 

The  equations  (73)  end  (76)  are  introduced  in  (71)  to  obtain 


(76) 
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the  new  fornulatlon  for  the  deflection 


2r 


('5-1  C<,-  (77; 


Eh. 


If,  finally,  Is  replaced  by  formulation  (70)  and  (77)  solved 
for  ,  the  result  Is  an  equation  having  on  the  right  side  only 
terms  with  the  Index  1-1 


r  h. 


“■•I., 


ir  th  * 


■  6  IrjJ'j-L 
r.h. 


Al( 


Arh* 

Ti^r 


*p 


t 


(78) 


The  still  lacking  equation  required  to  determine  the  five  wanted 
stresses  at  the  end  of  the  zone  of  *  the  bore  is  very  easily  obtained 
from  the  equilibrium  of  sectional  forces  which  act  normal  to  the 
spoke  ends 


-  r.h.r 

t  t  t 


Z.m  r 
'  hr 


i  i 


(79) 


Where  bores  are  arranged  In  an  annular  way,  the  linear  equations 
(61),  (69),  (70),  (78)  and  (79)  replace  the  corresponding 
differential  equations  as  these  were  established,  for  instance, 
for  the  case  of  the  smooth  shell. 
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2.  Application  of  the  Matrix  Calculua  for  the  Determination  of  Stresses. 
the  Differential ■^Bauatlona  havinic  bean  Rewritten  Into  Equations  of 
Differences 


a)  Compilation  of  the  Differential-Equations 

The  differential  equations  will  first  be  compiled  In  a  general  form, 
taking  Into  account  the  presence  of  fins,  rings  and  additional  loads. 
As  has  been  mentioned  before,  the  coefficients  of  the  general  equa¬ 
tions  are  sums  of  coefficients  of  the  special  differential  equations 
from  the  smooth  shell  and  of  the  additional  coefficients  resulting 
from  the  consideration  of  fins,  rings  and  additional  loads. 

If  divided  by  dip  -  dl,  five  differential  equations  of  the  following 
form  will  result  If 

1. )  the  equations  (1),  (20),  (^4)  and  (5J5)  are  collated 

'^[r(h+h')crf]  +  vLCfCosS  -  v-^^rh'a-f  -  (h+L)cr^cosS  + 

+  (h^h'+L)rT-^+ (h+h'+L)■^a)^r^co56+4,r■>^.a^  =0  (80) 

dl  3  0/  '  ’  * 

2. )  Differential  equation  (18  a)  alone,  except  that  in  the  case  of 

the  fin  in  the  coefficients  appearing  at  the  term  h  Is  re¬ 
placed  by  the  term(h  +  2  sj,  and  In  the  case  of  overlapping  rings 
in  the  coefficients  appearing  at  <T^  the  term  (h+L)  must  be  intro¬ 
duced,  which  will  lead  to  the  generally  valid  form. 

(T  cos6  -  -  —  a^coi6-2 

dl  r  ‘  dl  r  ^  n  ■•■2s  ‘ 

+  2  s;/7<5  V+^^^^5//7(S  r-£a^  -  0  (81) 

h*L  ^  r  dl 

3.)  Compilation  of  the  differential  equations  (5).  (31)*  (51)  and  (57) 

-  3i/(h  +  L)  LcosSoi  +  [3(h-^-L)L-6hs]cosS(7'fi-6v^(rh‘s'(7f)-i- 

■¥6^(rM^)  ^  i^h’ia>sSq^-h^fJ-^i)(os6a'/  6  (h+Ah'+DT- 
dl  ‘  ^  do 

-i(h*i)L-^(Jr^cosS  -  6(k-s)-^<x^  (82) 
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In  (82),  the  factor  (k-s)  before  the  last  term  takes  into  account 
the  distance  of  the  active  additional  load  from  the  axis  of  In¬ 
ertia  of  the  finned  cross  section,  while  in  (57)  only  the  action 
of  additional  loads  upon  smooth  shells  was  described. 


4.)  Generally  valid  differential  equation  according  to  (18  b) 


I  +vcosd 
(h  *2s)r 


If  +cosd 


h*L 


h  +L 


m 


5.)  Compilation  of  the  differential  equations  (2),  (21),  (35)  end  (55) 
in  the  generally  valid  form 


\;LstnSa:-(h^li)ra:^  -  (h^U  —  ^ 

0/  ^  ^  ct 

i-^[rM*L)Z ]*pr*(th-hU)^a)Ysin6t^r^  *  0  (84) 

It  should  be  pointed  out  once  more  that  the  differential  equations 
(80)  through  (84)  have  been  formulated  in  such  a  manner  as  to  assume 
the  special,  previously  derived  forms  for  smooth  shells,  fins,  over¬ 
lapping  rings  and  additional  loads  if  the  geometric  values  which  do 
not  exist  for  a  given  case  are  assximed  to  equal  zero. 


b)  Transformation  of  the  Differential -Equations  into  Equations  of 
Differences 


The  five  linear  differential  equations  describing  the  problem  of  the 
rotating  shell  may  be  converted  into  linear  equations  with  small  but 
finite  differences  If  the  functions  contained  in  them  are  replaced  by 
the  arithmetic  mean  of  their  initial  and  terminal  values  of  a 
sufficiently  small  section  and  if  each  differential  is  expressed  by 
the  difference  of  the  two  values  of  which  it  is  formed.  A  function 
should  be  expressed  as  follows 


P 


P  +  P 
1  i-1 


(65) 


If  1  for  instance  is  to  express  the  independent  variable,  a  dif¬ 
ferential  is  replaced  by  a  quotient  of  differences  of  the  form 

dl  A/  1.  - 


(86) 
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differential  aquation  (80)  expreaaed  In  the  form  of  differences 
will  assume  the  following  shape 


±[,Jh.*h;)o;,  -  | +  Z..,  cosb,,^o;J- 


jr/A//; 


The  last  term  of  the  equation  (87)  Is  obtained  by  substitution 

2gvnh, 


and  by  ooabining  the  eorroaponding  eoeffiolente  in  the  ten  of  the 

equation  which  is  produced  by  the  centrifugal  force,  i.  e.  attached 

with  •  G>^  deeoribea  an  additional  load  which  baa  \he 

distance  of  the  center  of  mass  r  from  the  rotational  axis*  In 

s 

a  like  manner  as  with  equation  (80),  also  equations  (8l)  through 
(84)  are  converted  into  equations  of  differences,  which  however 
will  not  be  demonstrated  In  detail  here.  If  equation  (87)  is  ex¬ 
pressed  with  general  coefficients  and  If  the  terms  attached  with 
^  and  ^  ^  are  put  on  different  sides,  the  following  equation  is 
obtained : 


In  equation  (88),  the  coefficients 


‘7>a 


0. 
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•)  Applloation  of  the  Matrix  Calcmlua  for  Solving  the  Equations  of 
Differenoea 

Ihe  application  of  the  method  of  differenoea  with  a  view  to  determining 
the  five  wanted  magnitudes  is  based  on  the  technique  of  subdividing  the 
shell  into  the  smallest  possible  sections.  If  the  terms  of  stress  at 
the  inner  edge  are  known»  those  of  the  outer  edge  may  be  determined 
from  the  five  given  equations.  While  the  calculation  of  the  state  of 
stress  by  means  of  transmission  matrices  appears  to  be  rather  tedious, 
the  advantage  offered  by  this  method  becomes  obvious  if  it  is  con¬ 
sidered  that  this  method  perm! te  easy  determination  of  store  data  in 
programmatic  calculation  where  the  time  of  calculation  required  by 
the  high-speed  computer  is  of  minor  Importance.  All  geometric  data  can 
be  innediately  taken  from  the  drawing,  which  together  with  the  known 
boundary  stresses,  material  constants  etc.  determine  the  number  of 
storage  data.  If  a  stress  vector  of  the  form 


is  defined  and  all  equations  (81)  through  (84)  are  expressed  in  the 
form  of  differences,  the  set  of  equations  will,  in  matrix  form, 
assume  the  following  form 

®®i  “  ^1-1 

It  diould  .till  b.  Mntlonwl  that  uiothn*  two  wjuatlon.  have  been 
added  to  the  five  differential  equations,  viz.t 
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and 


(91) 


A  _  f  ft  A 


Equation  (90)  may  ba  oonvertad  into 


■  B 


-1 


A  S 


i-1 


(92) 


thus  eatabliahlng  the  relation  between  the  outer  and  inner  edge  of 
the  section.  If  there  is  the  case  of  a  shell  with  center  bore,  the 
stress  terns  *nd  T  at  the  inner  and  outer  edge  of  the  whole 

shell  are  usually  known.  An  equation  is  therefore  used  which  connects 

the  stress  vector  3  at  the  inner  edge  with  the  stress  vector  S  at 

o  a 

the  outer  edge. 


At  an  arbitrary  point  i  of  the  shell,  there  is  a  relation  with 


I  I 


M-f 


5.  -  a  ,  .Q  ^  •  •  •  0^ 

i  i^i-1  2,t  1,0  0  t  0 


(93) 


Outer  edge  and  inner  edge  of  the  shell,  with  n  sections,  are  connect¬ 
ed  by 


•a.,-  •  •  0,,  (9^) 

/,/-f  2,1  1,0  0  a  0 


All  matrices  may  be  easily  determined,  so  that  suitable 

defining  equations  nay  be  selected  from  (9^)  to  determine  ^  and 
at  the  inner  edge.  The  inner  edge  vector  now  being  known,  the 
vectors  3^  can  then  be  determined  with  the  aid  of  (9?)  and  (92).  If 
there  is  no  center  bore,  the  defining  equations 


(T  -  or  -  0  and  (T*  -  a/  -  0 

Will  now  offer  themselves,  since  the  stresses  existing  at  the  center 
of  shell  have  no  discrete  direction  and  must  therefore  be  equal,  llie 
latter  courses  of  calculation  clearly  reveal  the  impossibility  of 
calculating  shells  by  means  of  table  computers,  as  the  establishment 
of  coefficients  for  each  section  (the  accuracy  of  the  method  being 
dependent  upon  the  number  of  sections)  would  represent  an  unjustifiable 
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«xt«nt  of  caIoulatlon>  so  that  matrix  multiplication  and  matrix  in- 
varsion  of  ths  form  *  A  art  onij  praatleal  by  means  of  elec¬ 
tronic  computers*  For  the  sake  of  completeness,  term  (90)  will  be 


represented  in  detail i 


o 

o 

o 

^IP  ® 

^  ^  ^  ® 

< 

0  0  b^  b^  0  0  0 

• 

ffi> 

0  t^b^O 

z 

0  0  0  0  0  1  0 

0  0  0  0  0  0  1 

E<f9' 

*»  *ia  *»  *<*  ^5  *»• 

0  0  0 

• 

< 

No  *IM  ®  ®  ® 

r 

0  0  0  0  0  0 

0  0  0  0  0  0  a^ 

BCL'd> 

In  the  case  of  a  zone  of  bore  which  la  free  from  tangential  stress, 
(93)  is  replaced  by  a  corresponding  matrix  equation  which  is  formed 
of  equations  (6l),  (69)*  (70),  (78)  and  (79)*  Here  matrix  B  has 
covered  only  the  mean  diagonal  with  the  coefficients  1  •  In  matrix  A 
the  coefficients  are  arranged  in  the  same  auuiner  as  for  instance 
in  (93)*  A  representation  of  the  various  coefficients  may  be  dis¬ 
pensed  with;  as  is  shown  in  example  (87),  these  may  however  be 
easily  determined* 
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ZI.  D— orlDtlon  and  Qraphlc  R«pr«— ntatlon  of  from  th«  Th*or«tlo«l 

8tr«—  D«twlnatlon 

1.  R— ulta  with  lD«ll«r-Wh— li  whoM  Q«c— trioal  Shap—  wr*  Cho«ro 

Th«  diversified  designs  of  inpeller  wheels  osnnot  be  essily  olsssi- 
fied  systesMitioslly.  A  possibility  of  deterwining  the  influence  of 
different  wheel  designs  upon  their  strength  would  be  to  ooepile  s 
ostslog  of  the  course  of  stresses  in  nanufsctured  wheels «  anrsnging 
thew  by  certain  design  oharaoteristics  etc.  The  Investigations  con¬ 
ducted  by  the  **lnstitut  fUr  Turbonasohlnen”  at  the  Aachen  Technical 
University  on  strength  problsM  of  iwpeller  wheels  are  ained  at  intro¬ 
ducing  a  certain  ^rstemisatloa  in  the  vdieel  profile  whereby  the  de¬ 
pendence  of  the  stress  tenu  on  a  single  design  paraaeter  is  investi¬ 
gated.  Where  the  parameter  passes  different  values#  one  possible 
wheel  design  will  be  naintained.  In  the  Initial  equations  for  the 
calculations  concerning  rotating  shells#  the  geometry  of  the  shell 
yields  definable  magnitudes  which  OMy  be  Individually  varied#  while 
all  the  others  are  kept  constant#  In  order  to  determine  in  this  way 
the  influence  upon  the  strength.  The  most  Interesting  variation  is 
to  be  found  here  in  the  different  slopes  of  the  shell  to  a  plane 
located  vertical  to  the  axis  of  rotation#  which  so  far  had  been  under¬ 
stood  to  be  the  angle  of  slope  of  a  awrldional  section  of  the  medial 
area  of  the  shell. 

However#  in  general  the  slope  6  is  not  constant  over  the  extent  1  of 
the  meridional  section.  To  describe  the  meridional  curve#  a  function 
of  the  form 

y-  lf[l-cosn,555ir?)+?*J 

MM  th.  jr-axla  b.lng  tb.  rotational  axis.  lb.  abaolssa  r 

roproamta  a  ralatlv.  Imgth 
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la  this  tsra^  x  is  ths  indspsodent  Tiriabls  and  L  |  ths  langth 

of  lint  of  ths  Bsridioaal  ourre  which  is  to  bs  kept  eonstaot.  Figurs 

16  shows  ths  solsctsd  funotlon  with  different  paranstsrs  k«  Also 

plotted  were  curves  of  equal  length  of  line  with  a  constant  distance 

Al  •  The  selected  function  has  the  property  of  a  descent  to  sero 

(c£=  0)  at  r  s  0  for  all  values  of  k,  while  over  the  extent  1  for 
A  ^ 

r>0  the  ascent  rises  with  k  at  points  of  constant  length  of  line. 

In  Figure  17,  the  wheel  design  for  k  =  0,0625  has  been  plotted  as  a 

full  line,  and  for  k  -  0,375  as  a  dashed  line,  both  ^eel  designs 

having  the  sane  thickness  h  of  shell  and  equal  diaensions  for  the 

blades  at  the  points  1  =  constant,  so  that  in  the  store  data  of  the 

prograsBMtic  calculation  merely  the  slope  of  shell  .  at  the 

i#i“l 

sections <4^* was  introduced  differently  for  each  varying  k« 

The  following  Figures  18,  19,  20  and  21  show  the  five  calculated 
specified  stresses  of  the  systematically  varied  contours.  The  stif* 
f ening  of  the  profile  by  means  of  blading  has  a  noticeable  effect 
along  the  longitudinal  bending  stress  ^^and,  althou^  in  a  less  marked 
degree,  upon  the  tangentialbsoding  stresses  The  longitudinal 

beading  stresses  show  a  considerable  drop  in  the  places  where  the 
blades  begins 
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2.  Th«or*tie«l  8tr— ■  Diatgltiition  in  th«  T»Bt  Mod»l«-  ■■naei^UT 

irttt  Bhpw^  t9  ttf  IrflBtMw  rf  Blrtt  Itottri  ttt.frttfM 

Ratio,  and  T««)T>tmf  Fi«ld« 

Flgura  22  shows  tbs  strMsas  in  a  nodal  d  asignad  for  initial  a  spari- 
nantal  ionrastlgatlonsy  vhorain  tba  rear  of  tha  iapaller  idieal  was 
kapt  plana  (hatehad  distribution  of  strassas),  and,  on  tha  otbar  band, 
has  tbs  contour  illustrated  in  tha  drawing  (strong,  unbroken  line  for 
tha  stress  distribution).  As  another  ecsvwison.  Figure  22  shows  tha 
weaker  unbroken  line  of  tha  tangential  and  radial  stresses  in  tha 
‘wheal  body  irtiieh  was  also  aaehlnsd  on  tha  rear,  if>  as  was  said  al¬ 
ready  in  tba  beginning  of  tha  report-  the  i^)allar  wheal  is  assunad 
to  be  a  sTHMtrie  disc  and  if  tha  blades  are  taken  into  aeoount  with 
regard  to  the  Increase  of  thickness  of  tha  shall  profile  proper  or  to 
their  spaeifle  gravity.  Tha  ineraasa  of  thickness  h*  is  represented 
by  a  hatehad  line  in  Figure  22.  Tha  strongly  projecting  shell  portion 
near  tha  hub  of  the  inpeller  idiael  front  side  was  taken  in  tha  cal¬ 
culation  as  a  ring  sons  being  free  from  radial  stresses. 

Tba  design  of  tha  wheal  body  of  the  built  nodal  was  furtharaora  intended 
to  enable  the  influence  of  different  blade  numbers  to  be  studied, 
which  is  shown  in  Figure  23. 

The  influence  exercised  by  Poisson's  ratio  is  of  minor  iaportanee. 

2  2 

The  ealoulation  of  the  dimensionless  stresses  O'  ) 

was  carried  out  with  different  Poisson's  ratios  -  0,3  and  Z’  =  0,36. 
The  —■Hum  diviation  was  determined  as  5,6  percent  for  the  stresses 
Figure  24  shows  the  change  in  the  stresses  for  three  different  tem¬ 
perature  patterns  illustrated  in  Figure  25,  the  entry  of  shearing 
stresses  having  however  been  dispensed  with  for  the  sake  of  diagram- 
matie  clarity. 
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3*  Superposition  of 


It  should  bs  pointed  out  once  nore  that  the  caloulsted  bending  stresses 

apply  to  the  rear  end  of  the  iapeller  wheels.  On  the  front  side  of  the 

wheels  -  if  the  shell  is  unbladed  they  possess  the  ssae  absolute 

value  of  reversed  sign.  If  there  are  blades  and  if  s  represents  the 

distance  of  the  central  line  frooi  the  wedial  area  of  the  wheel,  the 

^  * 

longitudinal  bmding  strasMS  O’"  on  th.  front  «lg.  of  th.  blade  are 
calculated  on  the  following  wjuation  (see  Figure  26): 


The  bending  stresses  are  additively  superposed  <»t  the  noraal  stresses, 
so  that  sidtject  to  the  sign  of  the  bending  stresses  on  the  rear  of  the 
tibsol  kodj  considerable  boundary  stresses  aay  occur  in  the  front 
adgss  of  blade,  as  established  by  the  theorstleal  caloulation.  In  Fig.  26, 
tbs  suporposition  of  and  o’^  is  illustrated  once  for  nsgatiYS  bond¬ 
ing  stresses  ooeurring  on  the  roar  of  the  shell  (shown  by  the 
hatched  lino)  and.  on  the  othsr  hand,  for  positive  bmding  stresses 
(shown  by  the  uhfarokm  line). 
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XII.  TTinrirMiiit  of  atr— —  with  uw  BoutiM  noui 


1.  Pff Am  W* 

th«  — tmirlnc  of  strooMS  od  tho  rotating  nodol  nust  bo  largoly  oon*- 
flnod  to  MMurlng  tho  otrooooo  ooourring  on  tho  ourfaoo  of  tho 
nAiool  body  aa  It  la  only  boro  that  a  atato  of  piano  atroaaoa  oxlata. 

Tho  whool  doalgn  aolootod  for  tho  flrat  Moauronont  la  llluatratod 
in  Ita  oaln  dlaonalona  In  Flguro  27*  Tho  ahoU  body  propor  waa  aado 
of  ploxlglaa  In  tho  aodol  ahloh  waa  built  flrat.  In  radial  alota 
■illod  out  of  tho  aaooth  aholl«  four  bladoa  of  unlfon  thloknoaa 
a  »  1  os  and  aado  of  VP  1527  satorlal  woro  oosontod.  Lator  on  an* 
othor  aodol  of  liko  dlaonaiona  ma  built  whoao  idiool  body  waa  aado 
of  VP  1527*  TWo  paira  of  oppoalto  bladoa,  which  woro  oosontod  Juat 
on  tho  aurfaoo  of  tho  aholl  front  aldo,  woro  aado  of  VP  1527  and  of 
Araldit*B,  roapootlvoly. 

Tho  low  nuabor  of  four  bladoa  waa  aolootod  in  ordor  to  onablo  thoao 
to  bo  atroboaoopioally  toatod  vortical  to  tho  axla  of  rotation.  Aa  for* 
aorly  only  rotary  apoodiof  up  to  n  »  6OOO  RFM  could  bo  roaohod,  ono 
pair  of  bladoa  in  tho  aooond  aodol  waa  aado  of  Araldlt-B  which  has 
a  suporlor  photoolaatlo  action.  Tho  oxooaalvo  blado  thloknoaa  a, 
which  doos  not  aoot  actual  condltlona  In  lapoUor  whoola,  la  largoly 
ccaponaatod  by  tho  low  nuabor  of  four  bladoa,  ao  that  with  oqual  blado 
voluao  but  nomal  blado  thloknoaaoa  a  roughly  oqulvalont  blado  nuatbor 
a  «  15^18  would  roault. 
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2.  8oh—  of  ttm  T»»t  Arrang— nt 


Th«  oo«pl6t«  testing  •qulpRMnt  is  lllustrstsd  in  Figure  29*  While 
Figure  30  sketches  the  path  of  light  for  the  strobosoopio  penetra¬ 
tion  of  blade  by  means  of  flash  lamp  F,  mirrors  and  polariser 
P,  model  analyser  A  cmd  camera  K,  Figure  31  illustrates  the  measur¬ 
ing  scheme  for  measurements  with  strain  gages  where  designates  the 
active  strain  gage«  R^  the  compensator,  A  the  rotational  transmitter, 

B  the  carrier  frequency  measuring  bridge  and  C  the  switch  for  different 
strain  gages  mounted  on  the  model.  The  strain  gages  were  first  mounted 


only  In  syaetrloal  places  of  the  impell«  wheel  as  the  direction  of 
principal  stresses  is  known  only  in  these  places.  The  strain  measure¬ 
ments  were  carried  out  in  corresponding  places  both  in  a  radial  and 
tangential  dix^oticn.  The  principal  stresses  result  with  the  known 
strains  axid  in 


(97) 


1(03 


Measurraent  of  the  etreeaea  and  atraina  were  conducted  In  auch  a 
nanner  that  the  photoelaatic  behavior  of  the  bladea  and  the  atraina 
occurring  in  certain  placea  of  the  wheel  body  could  be  aiamltaneoua- 
ly  obaerved  with  the  aid  of  the  a  trad  n  gages.  Figure  32  shows  the 
fringe  picture  of  a  tranailluminated  blade  made  of  the  photoelaatioally 
active  .Araldit-B  auiterial  at  a  rotational  speed  of  6000  RPM. 

An  exact  quantitative  analysis  of  stresses  in  the  blades  is  impracti¬ 
cal  due  to  the  low  fringe  order  at  the  speeds  so  far  attained. 

With  the  aid  of  a  suitable  carrier  frequency  measuring  Iridge,  the 
strains  nay  be  read  off  as  a  function  of  the  speed.  In  view  of  the 
very  high  linear  heat  extension  of  the  synthetic  resins  that  were 
used  in  constructing  the  models,  the  temperature  compensation  was 

found  to  be  fairly  difficult  as  temperature  differences  of  very  few 
degrees  occurring  between  the  places  %diere  the  strain  gages  were  mount¬ 
ed  and  in  the  places  where  the  compensation  gages  are  located  will  be 
sufficient  to  produce  impermissible  deviations  in  the  measurements. 

The  compensation  gages  were  cemented  on  in  places  where  there  are  no 
stresses,  although  they  were  exposed  during  the  test  to  the  temperature 

variations  of  the  ventilated  air.  On  the  rotating  model,  the  front  edge 
of  blade  at  the  outer  radius  r^  offers  itself  as  a  stress-free  portion 
of  the  impeller  wheel.  Further  tests  aimed  at  compensation  were  at¬ 
tempted  in  such  a  manner  that  unloaded  plastic  rods  to  carry  the  com¬ 
pensation  gages  were  statically  attached  to  the  periphery  of  the  ro¬ 
tating  wheel,  and  were  thus  also  exposed  to  the  ventilated  air  flow 
from  the  impeller  wheel.  Figure  33  shows  the  measured  stresses  in 
the  symmetric  section  betweentwo  blades  on  the  front  side  of  shell. 

In  view  of  the  considerably  local  variation  of  stresses  anticipated, 
strain  gages  of  metal  foil  with  as  small  a  measuring  surface  as 
possible  were  employed. 
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4.  R—iaykg  on  thm  Continuation  of  the  Test  Program 


In  continuation  of  these  testa,  the  models  of  the  coming  experiments 
will  be  costed  with  brittle  lacquer  In  order  to  localize  the  severest 
stresses  In  these  places  where  the  grids  of  cracks  reveal  the  greatest 
density  of  lines.  In  addition  to  that,  the  crack  lines  extending  at 
right  angles  to  the  direction  of  the  major  principal  stress  are  ex* 
pected  to  furnish  Information  on  the  direction  of  the  principal 
stresses,  so  that  the  strain  gages  may  be  applied  to  any  desired 
place  of  the  model  In  a  corresponding  direction.  Strain  gages  which 
are  arranged  In  a  rosette  fashion  and  permit  the  stress  conditions 
to  be  completely  covered  without  any  knowledge  of  the  direction  of 
principal  stresses  being  required,  possess  too  large  a  measuring  sur* 
face  where  the  stresses  isay  be  subject  to  severe  changes. 

For  mseessary  higher  speeds^  a  direct  current  shunt  motor 
of  greater  power  will  be  installed  idilch  will  be  controlled  In  Its 

speeds  by  Ward-LeonaM  operation*  The  required  speeds  of  up  to 
n  »  25»000  RFN  will  be  obtained  by  a  gear*  Speed  measure, 
ment  will  be  made  with  utmost  accuracy  through  direct  digital 
regtstratioa. 
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Zhrdf*d(thrdff) 


cfrdf^  +  d(<f^rdip^) 

..y 


Pig.  3 

Forces  and  Boments  acting  on  the  shell  element. 
The  sectional  areas  are  formed  on  the  one  hand 
by  surface  lines  and  on  the  other  hand  by 
parallel  circles,  and  are  positioned  perpendi¬ 
cular  to  the  medial  area  of  shell. 
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iplaoements  of  an  arbitrary  point  on  a 
ition  of  the  shell 


Ur~yd(Y-k) 
T  *  const 


Uf  my(y-k) 

T -const 


Fig.  6 

Shear  deformation  on  the  shell  element  for  Z  *  const  and  XT »  const 


Pig.  7 

Relation  between  radial  stress  and 
longitudinal  stress 


ASD-TSR-62-1013 


Pig.  8 

Conments  on  the  relation  between 
slope  and  bending  stress 


Pig.  9 

Designations  and  forces  on  the  finned  shell  element 
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Fig.  10 

Conments  on  the  geometric  relations  for  the  mean 
length  of  fin  l' 


Pig.  11 

Illuatrmtion  of  the  geoewtrlo  dlswnsions  and 
terms  of  a  shell  with  fin 
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Pig.  12 

Equilibrium  of  forces  in  shell  and  ring  as  well  as  relation  between  bend 
Ing  stresses  in  th^  shell  and  ring  being  free  of  longitudinal  stress 


Pig.  15 

Moments  on  the  shell  element  with  ring  zone 
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Pig.  17 

Representation  of  possible  idieel  design  whose 
were  varied  systenatleally 


••Mntatlon  of  the  tangential  atreaa  with  varied  para- 

irs  k  of  the  contour-determining  function  of  meridional  contour 


Pig-  20 

Analogous  to  Pig*  18«  representation  of  the  tangential  bending 
stress 
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Pig.  21 

Analogous  to  Pig.  l8,  x*sprs8sntstlon  of  the  specified  stresses 
and  r 
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Pig.  22 

Calculated  distribution  of  stresses  In  a  Bodel  wheel 
with  different  designs  of  the  rear  of  wheel  body 
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Pl«.  23 

Influ«no«  of  dlfforont  bl«d«  nuDbors  on  tho  distribution 
of  atrsssos  in  an  ii^Mllar  whMl 


J4 
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Pig.  24 

Influ«nc6  of  tenporature  fields  on  the  stress 
fields  of  an  impeller  wheel 
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Fig.  25 

Representation  of  assumed  temperature  fields  with 
regard  to  the  distribution  of  stresses  according 
to  Pig.  24 


Wf.  26 

Superposition  of  the  normal  stress  (Z  with  the 
ASD»TDR»o2»1  3  bending  stress  O’/  on  a  finned  shell  element 


Pig.  27 

Representation  of  the  first  model  wheel  with  the 
principal  main  dimensions 


Fig.  28 

Illustration  of  the  first  built  model  wheel  with 
four  blades 
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Pig.  29  a 

Qanaral  view  of  the  teat  stand  with  model  and  measuring  equipment 

1)  stroboscope,  apparatus  for  current  supply  and  control  unit 

2)  flash  lamp 

3)  reflector  between  lamp  and  model 

4)  polarizer 
3)  model 

6)  analyzer 

7)  reflector  between  model  and  camera 

8)  camera 

9)  rotational  transmitter 

10)  oa2*rler  frequency  bridge  for  strain  gage  measurement 

11)  digital  speed  counter 
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Pig.  29  b 

View  of  the  mounted  model  disc  In  the  test  bed 
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Representation  of  the  way  of  light  In  a  stroboscopic 
translllumlnatlon  of  the  blades 


P  flash  lamp 
mirror 
Sg  mirror 
Y  polarizer 


M  model 
A  analyzer 
K  camera 


A 

L 

a 

Pig.  31 

Measuring  scheme  for  strain  gage  measuring 


active  strain  gage 

R^  compensator 

A^  ro tat  lonal  transml  t  ter 


B  carrier  frequency 

measurement  bridge 

C  switch  for  different 

strain  gages 
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Pig.  32 

Fringe  pattern  photos  of  blades  of  the  model  wheel 
at  a  speed  of  n  >  6000  rpm 
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Pig.  35 

Stresses  determined  In  the  symmetric  section 
between  two  blades  by  means  of  strain  gages 
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